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__ Consider a particle in a one-dimensional box defined by
V (x) = 0, a > x > 0 and V (x) = 00, x ~ a, x 5 O. Explain why each of the following
unnonnalized functions is or is not an acceptable wave function based on criteria such as being
consistent with the boundary conditions, and with the association of V/ (x )'I'(x)d.x with
probability .

n1&xa) Acos--
a

Dd)~--
• n1CXsm--

a

a) A cos n1&x is not an acceptable wave function because it does not satisfy the boundary
a

condition that ,,(0) = O.

b) B (x + x2) is not an acceptable wave function because it does not satisfy the boundary

condition that 'I' (a) = o.

c) C x3 (x - a) is an acceptable wave function. It satisfies both boundary conditions and can

be normalized.

d) D is notan acceptable wave function. It goes to infinity at x = 0 and cannot be
• n1&X .sm--

a
normalized in the desired interva1.

0.\1"8t) Are the eigenfunctions 0;& for ~e particle in the one-dimensional box also
eigenfunctions of the position operator x? Calculate the average value of x for the case where
n = 3. Explain your result by comparing it with what you would expect for a classical particle.
Repeat your calculation for n = 5 and, from these two results, suggest an expression valid for
all values of n. How does your result compare with the prediction based on classical physics?

No, they are not eigenfunctions because multiplying the function by x does not return the
function multiplied by a constant.

For n = 3,

(x) = }11/ (x) x 'I' (x) d x =~ }x sin 2 (31C x) d x
o ao a

. . f' x2 cos (2bx ) x sin (2bx )Usmg the standard mtcgral x sm2 (b x) d x = - - 2 - ----
4 8b 4b

(
61& x)

2 x2 cos .-;-

(x)=;:; T se:x)'
. (61C x) axsm -a-

4(3:X)
o

(x) = ~ [a2 _ cos (61C) _ a sin (61C) + cos (0) _ 0sin (0)] = ~ [~ 1__ 0+ _1 __ 0] = E-
a 4 721C2 121C 721&2 121& a 4 721C2 721C2 2



(x) = J.l (x)x~(x)d x =~ jxsin2 (57t x)d x
o ao, a

. . I' x2 cos(2bx) x sin (2bx)Usmg the standard mtegral x sm2 (b x) d x = - - 2 - ----
4 8b 4b

(
IOn- x)cos --

(X)=~X2_ a

a 4 8(5:X Y
(x) = ~[~ _ cos(lOn-)

a 4 200n-2
a sin (l0n-) _cO_s_(O_)_OSin(O)] 2[a2 1 1]
--2-0n---+ 200n-1 207t = -;; ""4 - 200n-2 - °+ 200n-1 - 0

2

The general expression valid for all states is(x) =!!... Classical physics gives the same result
2

because the particle is equally likely to be at any position. The average of all these values is
the midpoint of the box.

P4.10) Are the eigenfunctions of if for the particle in the one-dimensional box also
eigenfunctions of the momentum operator Px? Calculate the average value of px for the case
n = 3. Repeat your calculation for n = 5 and, from these two results, suggest an expression
valid for all values of n. How does your result compare with the prediction based on classical
physics?

For n = 3,

(p) = j~' (X)(-ih.:!....)~(X)d x = -2ih 37t fSin(37t X)cos(3n- x)d x
o dx a a 0 a a

Using the standard integral Ism (b x) cos (b x) d x = cos
1
(bx)

2b

(p)= -2ih3n-[COS
2
(37t)_ COS

2(0)]= -2ih37t[_1 __ 1 ]=0
a a 2b .' 2b a a 2b 2b

For n = 5,

(p) = [~. (x)( -ih ddx)~(X)dX = -~Ji 5: [Sine: x )cos(3:X)d x

I COSl (bx)
Using the standard integral sin (b x) cos (b x) d x =

2b

(p) = -2ih 5n-[COS
2
(5n-) _ cos

2
(0)] = -2iJi 57t[_1 __ 1 J = °

a a 2b 2b a a 2b 2b
fl' \' e " \ \ \ ,Vi" \ i 10 be. 1\1,,:>,,; '\., ; ·"t X
I,... 0)5,(6 . ''V'''V J ,•......J V 'J

O,W'Q~L v-e.[o l.-\ ~ ~o( O,VU"tA'1- MOi''''''''ltJM':- 0
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• eII!J) Derive an equation for the probability that a particle characterized by the quantum

Q..\t number n is in the first quarter (0 ~ x ~ :: ) of an infinite depth box. Show that this probability
4

approaches the classical limit as n -7 00.

Using the standard integral fsin2 (by) d y = Y - _1 sin (2b y)
2 4b

O,2Sa ( ) [ ()]o.2sa2 '2mrx 2x a. 2mrx
p=- J sm --. dx=- ----sm --

a ° a a 2 4mf a °
2[a a . (nn) 0 a . (0')] 1 1 . (nn)=- ---sm - --+--sm =---sm-a 8 4nn 2 2 4nn 4 2nn 2

As n -7 00, the second term goes to zero, and the probability approaches .!.
4

This is the classical value, because the particle is equally likely to be found anywhere in the
box.
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