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m Consider a particle in a one-dimensional box defined by

V(x)=0,a>x>0and ¥ (x)=co,x 2a,x<0. Explain why cach of the following
unnormalized functions is or is not an acceptable wave function based on criteria such as being
consistent with the boundary conditions, and with the association of ¥ (x)y(x)dx with

probability.
nrx D
a) Acos——;—— b) B(x+x?) ¢) Cx*(x—a) d) ——
sin——
a

nrx, . . .
a) Acos—— is not an acceptable wave function because it does not satisfy the boundary
a

condition that y(0)=0.

b) B (x + xz) is not an acceptable wave function because it does not satisfy the boundary

condition that ¥ (a)=0.

¢) Cx*(x—a) is an acceptable wave function. It satisfies both boundary conditions and can

be normalized.

d)

is notan acceptable wave function. It goes to infinity at x = 0 and cannot be
. X :
sin ——
a
normalized in the desired interval.

G.\qr @29 Are the eigenfunctions of H for the particle in the one-dimensional box also

eigenfunctions of the position operator £? Calculate the average value of x for the case where
n =13, Explain your result by comparing it with what you would expect for a classical particle.
Repeat your calculation for n =5 and, from these two results, suggest an expression valid for
all values of n. How does your result compare with the prediction based on classical physics?
No, they are not eigenfunctions because multiplying the function by x does not return the
function multiplied by a constant.

Forn =3,
(x)= j'l//'(x)xy/(x)dx=—2~ Ixsinz(éﬁ)dx
0 - 9% a
. .
Using the standard integral fx sin’ (bx)d x = 2~ c0s(2bx) _ xsin (2bx)
4 8b* 4b
[ 6nx) . (6zx\[|
2l 2 cos T X sin T
(x):; 4 (agx) 3mrx
8(_”_{) 4[__-)
L a a 0
<x>___-2:gj__cos(67r)_asin(67r)+cos(0)_ 0sin (0) _2a_ 1 _os L _oloa
al 4 27 127 2zt 12r | a4 T2A 727° 2




Chapter 4/Using Quantum Mechanics on Simple S)"stems

(x)= ‘}y/' (x)xw(x)dx =§- ;‘-xsinzé(-s—%ﬁ)d x

0

: 26 in (25,
Using the standard integral jx sin’ (bx)d x = _’.3. - COSS(bz d) _x Sm4(b x)

I (107[3:) . (IOnx) "
, COos xsin
_J_C__ a _ a

3
4 8(?1[}_) 4(&{)
L a a o

-9_2——_608(1011')_asin(l()?t)+COS(0)_OSin(0)J_ Zl:a2 1 1 _0]

()=

oo

e e

(x) 2 3 h 70U+ )
4 2007 207 2007 20 4 200z 200z

The general expression valid for all states is(x) = % . Classical physics gives the same result

because the particle is equally likely to be at any position. The average of all these values is
the midpoint of the box.

P4.10) Are the eigenfunctions of A for the particle in the one-dimensional box also
eigenfunctions of the momentum operator p_? Calculate the average value of p, for the case
n = 3. Repeat your calculation for » = 5 and, from these two results, suggest an expression
valid for all values of n. How does your result compare with the prediction based on classical
physics?

Forn=3,
% . d —2ih 3 3z x Izx
= —ih— dx — |cO8| ——— |d
(;“y/(x)(sz() aaon(a)co(a)x
- ‘ ] cos® (bx)
Using the standard integral jsm (bx)cos(bx)dx= ~r
(p)= ~2ih 37 COSZ(3II)_C()52 (0) _ —2ih 31:[ 1 1 :l
Pl | 2 26 s al26 2b
Forn=35,
j‘” (x) (_m____}w(x Lo =2 _zg_j- (Sn'x) (Mx)dx
a; a
. ) ) cos’ (bx)
Using the standard integral Ism (bx)cos(bx)dx= 5
( )___—Zih Sz| cos’ (5m) cos’(0) | -2ih Sx[l _ 1]=
PI== | 2 ) a al2b 2b
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Chapter 4/Using Quantum Mechanics on Simple Systems

Q6

2P The function v (x) = Ax (1 - -Jf-) is an acceptable wave function for the particle in the
a

one dimensional infinite depth box of length a. Calculate the normalization constant 4 and the
expectation values (x) and <x2>.

a 2 a 4 3
1= 4 j'[x(l—i‘-ﬂ dx = A j’[-’iz-—zi‘—+x2]m
; a oLa a

- 4 379 3 3 3¢ 3
1=A2[-§———f—+f—-} =A’[3—-9—+3-] =425

e A F N[ o a) 304 24
@5 3a 7| &'|5 3 7 a105 7

&E2P%) Derive an equation for the probability that a particle characterized by the quantum

@%
AN

number » is in the first quarter (0 < x < % ) of an infinite depth box. Show that this probability
approaches the classical limit as 7 — oo,
Using the standard integral J‘sinz (by)dy= —;j— - fgsin (2by)

0.25q 0.25q
P-——z I sin’ (———n”x)dx=—2- .2 sin(zn”x)
' a ; a al2 4nm a

_2fa_a g fnm) 0, a0 () e wde Mo probbilily
el ool (] € e ot

nuwmber '

As n — oo, the second term goes to zero, and the probability approaches i—

This is the classical value, because the particle is equally likely to be found anywhere in the
box.
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